


Starter Research Grant Proposal
Notes clarifying my Grant Application Cover Sheet

PARTICLE CORRESPONDENCES AND COMBINATIONS: FIELD THEORY
DESCRIPTIONS AND MATHEMATICAL IDENTITIES

IANA I. ANGUELOVA

In which fiscal year will the project take place?
• FY 13–14
• FY 14–15

I marked both boxes, as indeed I will be working on this research continuously during the entire
Summer of 2014, starting May 16 and finishing August 15. I have no preference as to the Fiscal
Year, and if for budgetary reasons it is preferable that my project is substantially completed before
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PARTICLE CORRESPONDENCES AND COMBINATIONS: FIELD THEORY

DESCRIPTIONS AND MATHEMATICAL IDENTITIES

IANA I. ANGUELOVA

My research is in an area of Mathematics called Vertex Algebras, an area which deals with the
mathematical description of quantum field theory. Quantum field theory is the theory that describes
the “very small” –the physics of subatomic particles, such as the electron, the proton and the neu-
tron. In quantum field theory the main objects of study are the so-called fields– each subatomic
particle is described by its own “field”. Thus, for example, the electrons are fields, and their anti-
particles, the positrons (which have the same mass as electrons, but positive charge, hence the
name), are fields. But also the force-carriers are fields: for example, the electromagnetic force
between two electrons is caused by an exchange of photons, which too are fields (electromagnetic
force is also what keeps the atom together). Even in the physics community quantum field theory
is not a fully understood and clear-cut area, but in mathematics, where rigorous definitions and
descriptions are the norm, the mathematical description of quantum field theory is in its infancy.
In fact, even what exactly is a quantum “field” does not have a general mathematical definition.
Many of the greatest mathematicians of the age are currently working on the rigorous mathemat-
ical descriptions of different sides and cases of quantum field theory (see for example [DE+99]).
Modeling a particle interaction or composition mathematically, besides giving a rigorous descrip-
tion, also provides very rich mathematical structures connecting different areas of mathematics,
such as algebra and representation theory, integrable systems of differential equations and random
matric theory, symmetric polynomials and combinatorics, number theory. In quantum field theory
there are two types of particles: bosons and fermions. Bosons are subatomic particles that obey
so-called Bose-Einstein statistics—their distinguishing feature being that several bosons can oc-
cupy the same “quantum state” (the name boson derives from the name of the physicist Satyendra
Nath Bose.) On the other hand, fermions, named after physicist Enrico Fermi, obey Fermi -Dirac
statistics, i.e., two or more fermions cannot occupy the same quantum state (this is called “Pauli ex-
clusion principle”). Since bosons with the same energy can occupy the same place in space, bosons
are often force carrier particles, for example the photon is the carrier of the electromagnetic force
between two electrons. In contrast, fermions are usually associated with matter, for example the
electron itself. There are cases where the bosons and the fermions are related by the boson-fermion
correspondences (this was first discovered by the physicist T. Skyrme). In my research I study the
rigorous mathematical description of these boson-fermion correspondences and other particle in-
teractions and compositions. While the electron is an elementary particle itself, the proton and the
neutron are particles which are not elementary: each is composed of three quarks. As opposed
to the electron and the proton, quarks are particles with fractional charges. There are two parts to
the research I propose to carry this summer: First, I propose to continue to study the mathematical
properties of the new boson-fermion correspondence of type D-A ([Ang13]). In particular I intend
to study the existence of conformal structures, as well as the representation theory results relating
different Lie algebra modules described by this correspondence. Second, I propose to describe and
study new particles correspondences and compositions and their mathematical descriptions, such
as the field theory (vertex algebra) description of the quark decomposition of the proton and the
neutron, as well as other quark combinations.
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Budget
• Pay for the six weeks of continuous work on this project from 07/01/2014 to 08/15/2014.

I request a salary support of $4000.

Note: I have no preference as to the Fiscal Year, as I will be working on this research during
the entire Summer of 2014, starting May 16 and finishing August 15. If for budgetary reasons it is
preferable that my project is substantially completed before June 30, then please consider a salary
request starting May 16, 2014, and ending June 30, 2014.
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1. PROJECT DESCRIPTION

1.1. Introduction: quantum field theory.
Classical field theory describes well the mechanics of “everyday life”. If we want to calculate
the movement of an object, such as a stone thrown in the air, and if we know the initial position
and the initial velocity of the object, we can find the solution to this problem– a specific function,
describing what happens to the object: its trajectory and velocity, and anything else we may want
to know. For example, if we throw a stone in a specific direction, we can calculate exactly where it
is going to land. At each point of its trajectory we can also calculate the velocity of the stone at that
point. This then is an example of a “classical field”: the collection of all the velocities (vectors)
along the trajectory of the object. One often sees such “classical fields” in weather forecasts–where
the directions and speeds of the wind at different points are depicted by arrows (vectors) with labels
on them. So in classical field theory, a classical “field” is just a type of a (vector) function of the
space/time we are studying: to each point in space and time we assign a physical quantity. It is
important that if we look at a specific space and time point of the trajectory, we can also measure
(or calculate) the velocity (momentum) of the moving object at that point. That is how the weather
forecasters can present to us the animated wind maps showing how the wind direction changes at
different points as time passes. This is no longer possible in quantum mechanics—the mechanics of
the very small, such as subatomic particles. In quantum mechanics we cannot know simultaneously
the exact position and the exact velocity (momentum) of the particle (that is what the Heisenberg
uncertainty principle says). In other words, weather forecasters trying to study a ”quantum wind”
would not be able to make an animation map of it at all! They can either know which point in
space they are looking at and at what time, or they can know in which direction the wind is blowing
there, but not both! That means that in the quantum world even the questions that can and should
be asked change. A lot of the questions we asked in the classical world would have no meaningful
answers in the quantum world at all. Take for example our stone-throwing situation: if we throw a
“quantum stone” in a specific direction we may not know with certainty where it is going to land.
I.e., it doesn’t make sense to ask “what is the exact trajectory of a given particle”, as we cannot ever
know that with certainty. What we can ask is: what is the probability that the given particle will be
in a specific “state”. Thus the probabilities, or “expectation values” as they are called, of different
states are some of the main objects of study in quantum field theory.

Quantum field theory is by its nature more complicated and thus much less understood than clas-
sical field theory. Even less so in mathematics (where rigorous definitions are the norm), than in
physics, where one can at least rely on experimental measurements and observations for guidance.
For example: what exactly do we mean by “state”? The answer is: depends on the situation; there
are (somewhat ad-hoc) procedures, called quantizations, which translate different situations from
classical to quantum field descriptions. (To be more technical, usually the “states” are elements
of various Hilbert spaces.) What is a quantum field? In classical field theory, we were associ-
ating different physical quantities to points in space/time, but in quantum field theory this is no
longer possible. So now instead of quantities we associate quantum operators. Unlike quantities,
quantum operators act on a state and produce another state. For example the derivative we know
from Calculus is one such quantum operator: it differentiates, or “acts”, on a function and produces
another function. (In quantum field theory the ”momentum” operators are often derivatives.) The
quantum fields then have to incorporate the information about the quantum operators and the states
they act on, but also about the space and time. A quantum field theory is a theory that (for a partic-
ular situation) describes all the quantum states, their associated quantum fields, and the interactions
between them. Conformal field theory is a special case of quantum field theory, where we have
an additional special, “conformal”, symmetry. Vertex algebras are the mathematical description of
conformal field theory and are the primary object of study in this proposal.
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1.2. Quantum field theory, particle correspondences and mathematical structures.
Of particular interest to this project are certain field theory correspondences, such as the boson-
fermion correspondences, and also more general particle correspondences and compositions. The
boson-fermion correspondences model different cases of relations between the two fundamental
types of particles: the bosons and the fermions. (Recall that bosons are particles such as the pho-
tons, several of which can occupy the same state; but fermions, such as the electron, can not).
The boson-fermion (Bose-Fermi) correspondences are amazing phenomena incorporating very rich
mathematical and theoretical physics structures in the intersection of several areas: algebra and
representation theory, differential equations, symmetric polynomials and combinatorics, number
theory, integrable models in statistical mechanics, conformal and quantum field theory. There are
several known boson-fermion correspondences both in the mathematics as well as the physics lit-
erature. An unfortunate truth is that there is no known match-up between the mathematics and the
physics descriptions of these correspondences, except for one. This single case can be described
by the physics diagram ([Fey49]), depicting an electron e− and a positron e+ annihilating and
producing two photons γ (i.e., a correspondence between two fermions and two bosons):

In the mathematics literature this correspondence is called “charged free boson-fermion correspon-
dence”, or “boson-fermion correspondence of type A” because its underlying symmetry algebra is
of type A (see e.g. [Fre81], [DKM81], [KR87]). (There is a classification of the different symmetry
algebras, or Lie algebras, which are labeled by the letters A, B, C, D, E, F and G). There are other
boson-fermion and boson-boson correspondences in the mathematical literature, for example the
boson-fermion correspondence of type B (introduced in [DJKM82], also [You89]), the boson-boson
correspondence of type C ([DJKM81]), “super” versions and others. In [Ang13] (a paper which
resulted from my previous College of Charleston R & D award) I introduced a new boson-fermion
correspondence, of type D-A, which completed the bosonization of the cases where the underly-
ing symmetry algebra is a double-infinite rank Lie algebra. Each such correspondence is a very
important object of study, as each such correspondence gives rise to a great variety of mathemati-
cal formulas, as well as applications to such wide-ranging areas as representation theory, number
theory, integrable systems, random processes, quantum field theory. Since the boson-fermion cor-
respondence of type D-A is very new, many of the associated formulas and applications are just
now being developed. The continuation of my research into its applications and the associated
mathematical structures is the first part of my summer project.

A brief technical detour: I present here just an idea of the type of formulas, structures and
applications which relate to the boson-fermion correspondence of type A, as the first part of this
project will be to study the corresponding analogues for the correspondence of type D-A:

• Conformal structure: the correspondence of type A is an isomorphism of two conformal
field theories (vertex algebras), i.e., it has a Virasoro structure. In particular, the correspon-
dence of type A has a one-parameter family of Virasoro fields (see e.g. [Kac98]):

(1.1) LA,λ(z) =
1

2
: α(z)2 : +(

1

2
− λ)∂zα(z),

where α(z) =: ψ+(z)ψ−(z) : is the Heisenberg field for the correspondence of type A.
In physics language, one can identify the field LA,λ(z) as the energy-momentum tensor
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field. The presence of conformal structures in a given correspondence is very important to
representation theory, as well as of course to conformal field theory.

• the Jacobi triple product identity

(1.2)

∞∏

j=1

(1− qj)(1− zqj−1)(1− z−1qj) =
∑

m∈Z
(−z)mqm(m−1)/2

is obtained from counting and then equating the q-dimension of the underlying vector
spaces on each of the bosonic and the fermionic sides ([Kac98]). It is an example of a
character identity –this is the character denominator identity for the Kac-Moody algebra A1

1

(hence the ”type A” in the name of the correspondence).

End of technical detour.
What is amazing is not each single formula, equation or solution (although each is important), it
is amazing that so many different mathematical ideas, formulas and structures result from a single
boson-fermion correspondence.

2. METHODS AND GOALS OF THE PROJECT

There are three directions of research I plan to pursue in this project. The first direction is the
most “applied”, and concerns the mathematical applications and structures we get as a result of
the new correspondence of type D-A introduced in [Ang13]. The second direction of research ad-
dresses the mathematical theory underpinnings of the variety of boson-fermion correspondences
and more general particle correspondences and combinations. In particular, one needs to answer
questions like: What, mathematically, is a boson-fermion correspondence? What is the vertex al-
gebra description if such a correspondence, or of a given particle composition (such as three quarks
combining to make another fermion like the proton)? The third direction addresses the question:
are there other boson-fermion or particle correspondences? Do they fit the existing mathematical
theories, or do they require more general mathematical description?

I already started obtaining some results for the boson-fermion correspondence of type D-A,
which are parallels of the corresponding results for the boson-fermion correspondence of type A
(see the technical detour). I am currently working on the existence of conformal structures in
the correspondence of type D-A (the analogues of (1.1)), by using some of the tools developed
in [Ang13] and [ACJ13]; this paper is in the preprint stage. Further, by using the methods of
representation theory of infinite dimensional Lie algebras, we plan on working with my colleagues
Elizabeth Jurisich and Ben Cox on a sequel paper to [ACJ13], regarding new representations of
certain Kac-Moody algebras of type D obtained by using the correspondence of type D-A, and on
the resulting character formulas (the analogues of (1.2)).

In [Ang13] we were able to answer some of the questions addressing the mathematical descrip-
tion of various correspondences, in particular the correspondences of types B, C and D-A. We used
Hopf algebra theory to describe these correspondences as isomorphisms of twisted vertex algebras.
In this summer’s project I plan to use again Hopf algebra methods to study the field-theoretic math-
ematical description of certain particle configurations such as the proton and the neutron. Both
the proton and the neutron are comprised of three quarks each, which implies that mathematically
there is a correspondence which one could perhaps call a “quark-fermion” correspondence (in a
similar, but also different, way to the boson-fermion correspondence of type A where two fermions
annihilate to produce two bosons). This also ties in with the third direction of my research, namely
the question of the existence of other particle correspondences. The answer to that is a qualified
yes, as evidenced by other particle interactions such as the quark-antiquark annihilation, and the
various quark combinations. I plan to continue my research on this topic during this summer.
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3. TIMETABLE, EXPECTED RESULTS AND IMPACT

3.1. Timetable and expected results: First, I plan to finish the paper “Boson-fermion correspon-
dence of type D-A and conformal structures”, and to present its results in the 30th International Col-
loquium on Group Theoretical Methods in Physics (to be held in Ghent, Belgium, in July 2014); as
well as submit it for publication in the top-quality peer-reviewed journal “Letters in Mathematical
Physics”. Second, we plan to work during the summer with my colleagues Elizabeth Jurisich and
Ben Cox on a sequel-paper to [ACJ13], which should be finished by August 15, 2014, and submit
it for publication to another top-quality peer-reviewed journal, the Journal of Algebra. Further, in
the end of July I plan to start working on a third paper, on the mathematical description of quantum
field theory underlying the quark configurations of fermionic particles such as the proton and the
neutron, with expected completion in the Fall 2014.

3.2. Impact: The mathematical descriptions of quantum field theory in general, and particle cor-
respondences and combinations in particular, are hard subjects to study, but are also very beautiful,
rich and interconnected, and this research will contribute to their development. Each single new
particle correspondence enriches our understanding of this area. But also, it would be a major
breakthrough if one can develop a categorical description which will allow us to deal with all the
different correspondences from the same viewpoint. Discovering a structure underlying all the
boson-fermion and particle correspondences and combinations may be far out of sight still, never-
theless I believe I can substantially further our understanding on this subject. I also hope this pro-
posal will shed some understanding on the mathematical field theory (vertex algebra) description
of quark configurations comprising non-elementary particles such as the proton and the neutron, an
area of mathematics which is currently very underdeveloped.

3.3. Current Support: None. I have applied for an NSA Young Investigator Grant with a differ-
ent, though related proposal, but it is for a starting date in the year 2015.
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